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*****
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G1:

S  bS | aA | aC

A  aS

C  λ

→

→

→

G2:

S  bS | aA | aC

A  Sa

C λ

→

→

→

G3:

S  bS |Aa | C

A  aS

C  a

→

→

→

L1 L2 , L2=L3≠L1 L2=L3=

L2 L3 ,L1=L2≠L1 L2 ,L1 L3= ≠
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 �&��V 1�54 OW5' X��Y	 <�%
��� �� �Z2	 ��K��� S�TU

}0,)10(,)10(|{xL1 **n ≥+∈+∈= nyxy
n

|L(A){L1 ∈= w  ,� DFA ���^_��F� �� � ��� w *�Y� �M�$ 5&9 �� A.5&4 
N
 �2a! 

|)10({L1 *+∈= w  �?'� ��}w.��� *�Y� ��5c� ����� �� ,� � �HU ��5Y	 O

L1 	 L3 ��
 .����� ���� L2.���� ���� L2 	 L3 ��
 .����� ���� L1.���� ���� 

.����� ���� ���� �� ��L1 	 L2 ��
 .����� ���� L3.���� ���� 
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 ���� ��2� ��}2|{ 10022 ≤= nbaL
nn�&��V 1�54 ��� S�TU K
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 #$���
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 �'(	�)� �	��
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C  bC|aA|a

λ

λ

→
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A bA | aB
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→
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A aBaCaA
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→

→
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A bA | aB |

B bB | aC 
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 S�TU)Kr1�r2(5&'�� 
� d(&� "��a! �� 

* * * *(r1 r2) (r1 r2 )+ ≡* * *(r1r2) r1 r2≡

* * *(r1 ) r1≡* * *r1 (r1 r2) (r1 r2)+ ≡ +
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 ��� ����V ���� �V�L <�� �?'� ��2� �� O5'�� w1 � w2:�HV ��2	 
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S aSD bB

D dS a

B bB λ

→

→
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dbdbbaaw1 10710=

dbdbbaaw1 10710=

Lww ∈2,1Lww ∉2,1LwLw ∉∈ 2,1LwLw ∈∉ 2,1
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 e��c� <�%
��� ��2� �� �&��V 1�54��� S�TUK
njjn aabaL1 =

Lkjn,babaL2 Lkjn +≤+=

Lj k,n,babaL3 Lkjn ≤≤=

Lnm,cbaL4 Lmn +==

 ����L1 	 L4 ��
 !����� "�� �
 #$��� L3 	 L2.������ "�� �
 #$��� 

 ����L3 	L4 ��
 !����� "�� �
 #$��� L1 	 L2.������ "�� �
 #$��� 

 ����L1	 L3  	L4 ��
 !����� "�� �
 #$��� L2.���� "�� �
 #$��� 

 ����L1 	 L2 	 L4 ��
 !����� "�� �
 #$��� L3.���� "�� �
 #$��� 
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S aSbS bSaS λ→S aS Sa b→

S AcA→
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S aSb aSbb λ→
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S aS A C

A a

B aa

C aCb

→

→

→

→

S aS A C

A a

C aCb

→

→

→

|S aS A→

A a→

|S aS a→

A a→
B aa→

S aS a aCb→

A a→
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 ���� ����V 
fF��9 h���
 1�00}n:b{aL
nn >=K��� �&��V 1�54 

S AB

A A A

B B B

A a

A a

B b

B b

→

′→

′→

→

′ →

→

′ →

|

|

S AB

A AA a

B BB b

→

→

→

S AX

X SB

S AB

A a

B b

→

→

→

→

→

S XB

S AB

A a

B b

X ASB

→

→

→

→

→
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S aA | aBB

A  aaA |

B bB | bbC

C B

λ
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S aA|a

A aaA|aa

→
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S aA|aBB|a

A aaA | aa

B bB|b

→
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S aA|a|

A aaA|aA|a

λ→
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S aA|aCC

A aaA|a

C bB|bb

→
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 �M�$) ��� 1�54 ��� <� �?8_ <�	��2	� ����q2K(��� 
��%
 

(q0,a,z0)=(q0,AZ0)

(q0,a,A)=(q0,AA)

d(q0, ,z0)=(q1,Z0)

(q0, ,A)=(q1,A)

(q1,a,A)=(q1,A)

(q1,b,z0)=(q1,Z0)

(q1,b,A)=(q1, )

(q1, ,z0)=(q2,Z0)

(q1, ,A)=(q2,A)

(q2,c,A)=(q2, )

δ

δ

δ λ

δ λ

δ

δ

δ λ

δ λ

δ λ

δ λ

n k * jL(M) a b aa c ,n k j,k,j 0= ≥ + ≥

n k jL(M) a (b a) c a ,n k j,k,j 0+ += + + ≥ + ≥

n k jL(M) a a (b  a) c ,n k j,k,j 0+= + ≥ + ≥

n * * k jL(M) a (a b a ) c ,n k j,k,j 0= ≥ + ≥
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a)L(abb  {a}L
*∪=0n,baL

nn ≥=

0n,ba}{L nn ≥∪= aaabL *=
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����V p�2	 W5' 5�M2	 ���� 
YDk ��l <� �?8_ *�'�� 1�54aSSS|ab→→→→SK���^_ 
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δδδδ(q0,λλλλ,z)={(q1,Sz)}

δδδδ(q1,a,S)={(q1,SSS),(q1,λλλλ)}

δδδδ(q1,λλλλ,z)={(qf,Z)}

δδδδ(q0,λλλλ,z)={(q1,Sz)}

δδδδ(q1,a,S)={(q1,SSS),(q1,B)}

δδδδ(q1,b,B)={(q1,λλλλ)}

δδδδ(q1,λλλλ,z)={(qf,z)}

δδδδ(q0,λλλλ,z)={(q1,Sz)}

δδδδ(q1,a,S)={(q1,A)}

δδδδ(q1,a,S)={(q1,SS)}

δδδδ(q1,b,S)={(qf,z)}

.�2N
 5�M2	 <� �?8_ *�'�� ��2	 
N
 O��� W5' ���' m�$ ,� �� ����V *�� �2
�k �� �� �29
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 ��� <�� �&��V �� ,���54�F�
 S�TUK

.��� �?F� ���4 u2fY� �T	 *?� �� ec?F� ����

.��� �?F� ��N?Z� �T	 
DL <�%
��� W��2
�L

 �V�L1 � 
DL L2 O5'�� d(&� L1L2.�2� 5��2L 
DL ���� 

 �V�L1 � *?� �� ec?F� L2 "�2�&�� �� O5'�� d(&� L2∩∩∩∩L1.�2� 5��2L d(&� 
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�5&%�,( 
8��5&9) "�!:;� <���&0 
�5&%�,"�!:;� <���&0 
�5&%�, = 


8��5&9(���0� ���)�	2�3��4 
�5&%�,( 
8��5&9)�	2�3��4 12 !,( 
8��5&9)���0� 1�
=�	2�3��4+++6+6>

 
YDk O��  �&��V �� W5' W��� *?� �� ec?F� <�%
��� �� ,� 1�54K5&?F�


n mL {a b ,n m    or   n m 2}= = = +R *L {wcw  :w {a,b} }= ∈

n mL {a b  :m n 2}= ≥ +*
a bL {w {a,b}  :n (w) n (w)}= ∈ ≠
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��� �� ,���54K5&?F�
 

n j 2L {a b : n j }= ≤n R n *L {a ww a : n 0, w {a,b} }= ≥ ∈

n j j nL {a b a b : n 0, j 0}= ≥ ≥n k mL {a b c : k n m}= = +
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 234 �� 5
 ��67 8�$�6
 5
�� !�6�� �9���: 2���� ;�< �� 5��
�= �=
K (
�?@ �� !�kB1.��
 ���� 8�$�6
 �C&�� 

.�6�� �� ��67 234 ��
�� D�E'�= 2���� ;�< �� ��
�= F' �
 G(�H��
 �� ��67 �� 8�$�6
 #&
�� (
�?@

 234 �� 5
 ��67 8�$�6
 5
�� !�6�� ��6
( (3I	 �J��� ��
�= �=
n #L
�& !n �MN
�& 	 n+1.��
 ���� (73� 8�$�6
 �C&�� 

 234 �� 5
 ��67 5
�� 8�$�6
 #&
�� (
�?@ �MN
�&k "�� �
 #$��� ��
�= �
 G(�H��
 �� !�k.��
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K��� W��� ��� <������V �� ,���54

S aS|bSS|aSS|c→S aS|bSS|c→

S aSbS|c→S aS|Sb|c→
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�5&%�,( 
8��5&9) "�!:;� <���&0 
�5&%�,"�!:;� <���&0 
�5&%�, = 


8��5&9(���0� ���)�	2�3��4 
�5&%�,( 
8��5&9)�	2�3��4 12 !,( 
8��5&9)���0� 1�
=�	2�3��4+++6+6>

 �v �� �4 ��� G��H� ��� "��2?�� �� w&��2	 *�'��q0 � ���' �M�$ qf � 
��%
 �M�$ B�� 
M�L <�� �
�L ��:! 

 ��2
 <�2?T� ��4 ���' �� �V� .��� ��2
 m�;aaabbb {�c�k� �� �_ O5'�� ++K��� 1�54 ��2
 <�2?T� �4�$ 

(q0,a)=(q1,X,R)

(q1,a)=(q1,a,R)

d(q1,b)=(q2,Y,L)

(q2,b)=(q2,a,L)

(q2,X)=(q1,X,R)

(q0,B)=(qf,B,R)

(q1,Y)=(q1,Y,R)

(q2,Y)=(q2,Y,L)

d(q1,B)=(qf,B,R)

(q2,a)=(q2,a,L)

δ

δ

δ

δ

δ

δ

δ

δ

δ

δ

XaaYYbXXaYYbXXaYbbXXXYYY
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) �F�9 e��c� w&��2	 *�'�� ����BK(��� 
M�L <�#0 
&Y� �� 

}b)aa(ab){(aL
** ∪∪=aa})b{(aL

***=

ab)|(abL
**=***

a)(abbL =
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�5&%�,( 
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K��� 1�54 ����V *�� ���� .��� G��H� ��� *?� �� u�F$ ����V

S S1 B

S1 aS1 b

bB bbbB

aS1 b aa

B λ

→

→

→

→

→

0}k1,n|b{aL
kn1n ≥≥= ++

0}k2,n|b{aL
kn ≥≥=

0}k2,n|b{aL 2knn ≥≥= +0}k1,n|b{aL 1-2kn1n ≥≥= ++
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 ���� ��2� �� ��� �&��V 1�54LK��� S�TU 

0}kj,i,|fedcb{aL
kijkji ≥=

.(36 �� �'����6 5
 ��PQ "�6�� �� 83< ����

.��
 ��P=��� 	 (36 �� �'����6 R�'73@ "�6�� �� 83< ����

.���� ��P=��� 	 (36 �� �'����6 R�'73@ "�6�� �� 83< ����

.(36 �J� �'����6 �S�'73@ "�6�� T�� �� 83< ����
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 �&��V 1�54�F�
 S�TUK

 �� 5
��Σ.������ ��P=��� �'UQ V7�J6 �N ��7
( (3I	 �'�W���� !�W@ ��X 

.����� ��P=��� �'UQ V7�J6 !��P=��� �'UQ V7�J6 5�W���� ;�J@ #J9�

.����� ��P=��� ���� 	( �� G�S�Y !��6�� ��P=��� �'UQ V7�J6 	( �� �Y #J9� 	 ���� F' �=


.����� ��P=��� �'UQ V7�J6 5�� G(
3��Z �
 �[)� �\3J]� �'� ��P=��� 5�W���� G(
3��Z
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